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In [Blokhuis and Lavrauw (Geom. Dedicata 81 (2000), 231–243)] a construction
of a class of two-intersection sets with respect to hyperplanes in PGðr 1; qtÞ; rt even,
is given, with the same parameters as the union of ðqt=2  1Þ=ðq 1Þ disjoint
Baer subgeometries if t is even and the union of ðqt  1Þ=ðq 1Þ elements of an
ðr=2 1Þ-spread in PGðr 1; qtÞ if t is odd. In this paper, we prove that although
they have the same parameters, they are different. This was previously proved in
[Ball et al. (Finite Fields Appl. 6 (2000), 294–301)] in the special case where r ¼ 3
and t ¼ 4: # 2002 Elsevier Science (USA)1. INTRODUCTION AND MOTIVATION
In [2] the notion of a scattered space with respect to a spread in a projective
space is deﬁned as a subspace intersecting every spread element in at most a
point. The origin of this idea is a paper by Polito and Polverino [5] on
blocking sets, where they give the ﬁrst construction of small minimal non-
R!edei blocking sets, called linear blocking sets. They use the correspondence
between a normal spread in a Desarguesian projective space over a ﬁnite
ﬁeld and the points of a lower-dimensional projective space over an
extension ﬁeld. In [2] the authors prove upper and lower bounds for the
maximum dimension of a scattered space and it is shown that in the case of a
normal spread, scattered spaces of maximum dimension give rise to two-
intersection sets with respect to hyperplanes in projective spaces. The
parameters of these two-intersection sets are not new. Sets with the same
parameters can be obtained by taking the disjoint union of embedded
subgeometries or subspaces, but no other inﬁnite series of examples with
these parameters is known (to the authors). The ﬁrst non-trivial case are1To whom correspondence should be addressed.
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NOTE378two-intersection sets of size q5 þ q4 þ q3 þ q2 þ qþ 1 with intersection
numbers qþ 1 and q2 þ qþ 1 in PGð2; q4Þ: They arise from a ﬁve-
dimensional scattered space with respect to a normal 3-spread in PG
ð11; qÞ: These sets have the so-called standard parameters, i.e., the
corresponding strongly regular graph has Latin square-type parameters.
Many constructions for graphs with Latin square parameters are known; we
do not know whether our graphs are isomorphic to previously constructed
ones. It is known that the union of qþ 1 disjoint Baer subplanes gives a two-
intersection set with the same parameters. In [1] the existence of such a
scattered space is proved and it is shown that the corresponding two-
intersection set cannot contain a Baer subline, and so it gives a new example
of such sets. In this article, the authors are able to prove the general result.
Namely, that all two-intersection sets arising from scattered spaces with
respect to a normal spread, give new examples. The proof is given in Section
3. In Section 2 we give some necessary deﬁnitions to state the precise result.
We do not explain all the details of the connection between normal spreads
and the points of a lower-dimensional projective space over an extension
ﬁeld, for which we refer to [2, 4]. For more information about two-
intersection sets we refer to [3].
2. PRELIMINARIES
First we give some deﬁnitions, which are necessary to state the result. Let
t52; r53; with rt even, and let PGðrt 1; qÞ be the Desarguesian projective
space of dimension rt 1 over the ﬁnite ﬁeld of order q; GFðqÞ; where
q ¼ ph; p prime, h51: Let S be a set of ðt 1Þ-dimensional subspaces of
PGðrt 1; qÞ: Then S is called a ðt 1Þ-spread if every point of PGðrt 1; qÞ
is contained in exactly one element of S: A subspace of PGðrt 1; qÞ is
called scattered with respect to a spread S if it intersects every element of S in
at most a point. A spread S is called normal, (geometric), if every subspace
generated by two elements of S is also partitioned by elements of S: Let S be
a normal ðt 1Þ-spread in PGðrt 1; qÞ: We recall the main result of [2].
Theorem 2.1. If W is scattered with respect to a normal t 1 spread S in
PGðrt 1; qÞ; with rt even then dimðWÞ4rt=2 1; and there exists a
scattered space of dimension rt=2 1:
So let W be a subspace of dimension rt=2 1 which is scattered with
respect to S: Using the one-to-one correspondence between the elements of
the normal spread S and the points of PGðr 1; qtÞ; we deﬁne a set of points
BðWÞ (of size ðqrt=2  1Þ=ðq 1Þ) in PGðr 1; qtÞ corresponding with the
elements of S that intersectW : Moreover, the set BðWÞ is a two-intersection
NOTE 379set in PGðr 1; qtÞ with respect to hyperplanes, with intersection numbers
m ¼ q
rt=2t  1
q 1 and n ¼
qrt=2tþ1  1
q 1 :
If t is even this set has the same parameters as the disjoint union of
ðqt=2  1Þ=ðq 1Þ Baer subgeometries isomorphic to PGðr 1; qt=2Þ: We say
that a two-intersection set isomorphic to such a union of subgeometries
is of type I. If t is odd this set has the same parameters as the union of
ðqt  1Þ=ðq 1Þ elements of an ðr=2 1Þ-spread in PGðr 1; qtÞ: We call
these two-intersection sets of type II. We will prove that the sets arising
from a scattered space are neither type I nor II.
Theorem 2.2. The two-intersection sets arising from scattered spaces of
dimension rt=2 with respect to a normal ðt 1Þ-spread in PGðrt 1; qÞ are not
isomorphic to the two-intersection sets of type I or type II.
3. PROOF OF THE THEOREM
First suppose that t is odd. An element E of an ðr=2 1Þ-spread in PGðr
1; qtÞ induces an ðrt=2 tÞ-dimensional space in PGðrt 1; qÞ; partitioned
by a subset of the ðt 1Þ-spread S: Theorem 2.1 implies that W intersects
this subspace in a subspace of dimension at most rt=4 1; since the
intersection is scattered with respect to the restriction of S to this subspace.
Hence BðWÞ cannot contain this spread element E:Note that using the same
argument, it is easy to show that BðWÞ cannot contain a line of PG
ðr 1; qtÞ:
Now suppose that t is even. We will prove that BðWÞ cannot contain a
Baer hyperplane B; i.e., a subgeometry of PGðr 1; qtÞ isomorphic with
PGðr 2; qt=2Þ: Note that this is again, as in the case where t is odd, a
stronger property than needed to prove the theorem.
To avoid confusion, in what follows, Pð~aÞ will denote a point in PG
ðr 1; qtÞ; while h~li will denote a point in PGðrt 1; qÞ:
Suppose B is contained in BðWÞ and let H be the hyperplane of PG
ðr 1; qtÞ; that contains B: Without loss of generality, we can assume that
B and H are generated by the same points. So
B ¼ fPða1~u1 þ 	 	 	 þ ar1~ur1Þ jj a1; . . . ; ar1 2 GFðqt=2Þg
and
H ¼ fPða1~u1 þ 	 	 	 þ ar1~ur1Þ jj a1; . . . ; ar1 2 GFðqtÞg:
NOTE380Since B is contained in BðWÞ; the hyperplane H intersects BðWÞ in n
points, where n ¼ ðqrt=2tþ1  1Þ=ðq 1Þ is the larger one of the two
intersection numbers. So the subspace in PGðrt 1; qÞ induced by H
intersectsW in a subspace of dimension k 1 :¼ rt=2 t: We denote the set
of points in PGðr 1; qtÞ corresponding with spreadelements intersecting
this subspace with W: Put
W ¼ fPðl1~v1 þ 	 	 	 þ lk~vkÞ jj l1; . . . ; lk 2 GFðqÞg:
Moreover, we can express the vectors ~vi; ði ¼ 1; . . . ; kÞ; as a linear
combination of ~u1; . . . ;~ur1 over GFðqtÞ: Let C be the matrix over GFðqtÞ
such that
~v1
~v2
..
.
~vk
0
BBBBB@
1
CCCCCA
¼ CT
~u1
~u2
..
.
~ur1
0
BBBBB@
1
CCCCCA
:
Then B will be contained in BðWÞ if
8a1; . . . ; ar1 2 GFðqt=2Þ : 9l1; . . . ; lk 2 GFðqÞ; 9a 2 GFðqtÞn
such that
a
a1
a2
..
.
ar1
0
BBBBB@
1
CCCCCA
¼ C
l1
l2
..
.
lk
0
BBBBB@
1
CCCCCA
:
Putting ~a :¼ ða1; . . . ; ar1ÞT ; and ~l :¼ ðl1; . . . ; lkÞT this equation
becomes
a~a ¼ C~l:
Let
T ¼ fða;~a;~lÞ 2 GFðqtÞn  GFðqt=2Þr1  GFðqÞk : a~a ¼ C~lg:
If ða;~a;~lÞ; ðb;~a;~mÞ 2 T ; then Cðb~l  a~mÞ ¼~0: This implies that
b~lT ð~v1; . . . ;~vkÞT ¼ a~mTð~v1; . . . ;~vkÞT
NOTE 381or ð~v1; . . . ;~vkÞ~l ¼ a=bð~v1; . . . ;~vkÞ~m: Since W is scattered with respect to
S and h~li; h~mi 2 W ; we must have that a=b 2 GFðqÞ and so h~li ¼ h~mi: Let
Ta ¼ fh~lik9~a : ða;~a;~lÞ 2 Tg:
Note that if a=b 2 GFðqt=2Þ then Ta ¼ Tb and that Ta is a subspace of
PGðrt 1; qÞ: Now if Ta=| and h~mi 2 Tb=Ta; h~ni 2 Tc=Ta; h~mi=h~ni; and
hTa; h~mii ¼ hTa; h~nii; then the line joining h~mi and h~ni intersects Ta; so
without loss of generality ~l þ~m þ~n ¼~0 and
ða;~a;~lÞ; ðb;~b;~mÞ; ðc;~g;~nÞ 2 T ;
for certain ~b and~g: It follows that
a~a þ b~b þ c~g ¼~0:
Let ~d 2 GFðqt=2Þr1 be such that ~dT~a ¼ 0=~dT~b: This is possible since we
saw that if Pð~aÞ ¼ Pð~bÞ then h~li ¼ h~mi; but h~mi =2 Ta: We get b~dt~b þ c~dt~g ¼
0; and b=c 2 GFðqt=2Þ: This implies that Tb ¼ Tc: Thus
ða;~a;~lÞ; ðb;~b;~mÞ; ðb;~g;~nÞ 2 T ;
for certain ~b and~g: Now we have that
bð~b þ~gÞ þ a~a ¼ 0:
So b=a 2 GFðqt=2Þ or Ta ¼ Tb; which is a contradiction. This shows that if
Ta has dimension d  1; then there is at most one point in every subspace of
dimension d; containing Ta: So the set
fh~mik9b;~b : ðb;~b;~mÞ 2 Tg
contains at most
qd  1
q 1 þ
qkd  1
q 1
points. Every Pð~aÞ determines a different h~mi; so we must have
qðr1Þt=2  1
qt=2  1 4
qd  1
q 1 þ
qkd  1
q 1 :
Recall that k ¼ rt=2 tþ 1: Since we assumed d51 this implies that d ¼ k;
but this is clearly impossible, since that would imply that W is completely
contained in the smaller set B:
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